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5/4%-7; 46.&?+# 9. CDCE 5!$?1/A
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)&% =!-%: 4%-ﬁG:&!2# 6&3"#-,; -!+/3!-%: 1-8>B0+# 9#"!+#; >. +%<-* (&% -!(860 1 68".9.
%=1%=#6 1,>/=@.-0 1 :5!1@.-* H%&+8; 5! (@.=(%4"!=: "#-./&-8 ."!96#24*3% 23%1/-0 +!6.I
&#/":A )%4:= =.ﬁ-:>.+. (%"/&-0 9%:@!=-#2%1* %9, 9 (%J/64.+ 1. 1&23%": 6&3"#-, K%$&ALM;
>9+. 923%(-0 =%4/5!6; <. -!(8N%1* (%". 1 3%+%G.--0+ "#-./&-8 ."!96#24*+ 68".9. 9 6&3"#-%:
















>9%: 9"%<4, 6.-5%&: -!(860;  ! θ >9%: (%"/&-0 9%:@!=-#2. 5-/5%&-8-, 1 K%$&ALM; ! >.
4%-96!-6! ! fij >. &%5+8&%1/ H:-42. P3": θA Q".-, 1,BB03% @/=: >9%: 5/1#9"* -! G.%+.6&##;
!". @.B.-0 (&% >!4%:4%"#1 =!-%: 4%-ﬁG:&!2# %$9!3:>. 1.=%:20 J".-; >.-< >. P+8&-? 4
1√
r A
)&% r → 0 9. (&1-0 J".- (@#$"#<:>. 4 -.4%-.J-:; !". =&:3? J".- 5796/1/ 4%-.J-?; -.$% 9.
(@#$"#<:>. -:".A R 6!4 9. -!(860 $"054% 1&23%": 6&3"#-, +8-0 9
1√
r ; $.5 %3".=: -! :9(%@/=/-0
68".9! 9 6&3"#-%:A C5. 6*< 1#=86; <. (%9:- $"054% 1&23%": 6&3"#-, 9. +8-0 9
√
rA S53".=.+ 4
6%+: <.; -!(860 >. !9,+(6%6#24* (&%  T U; &%1-#2. KOM (%(#9:>. 9#-G:"!&#6: -!(860 VOWA
X$&A LY Z4/54! 9%:@!=-#2%1*3% 9,96*+: (@.= 1&23%".+ 6&3"#-,
 ! 5(,6.373., *, /172$(8 .12(3*4
C#-./&-8 ."!96#24* -!(8N%1* !-!"?5, %96&* 6&3"#-, :&J:>0 9#-G:"/&-0 -!(860 -! 1&23%":
6&3"#-, VOWA S &./"-?23 +!6.&#/".23 +!>0 -!(860 -! 1&23%": 6&3"#-, 4%-.J-* 3%=-%6,; (&%I
6%<. &!=#:9 -! 1&23%": 6&3"#-, +/ 6!4* 4%-.J-%: 3%=-%6:A [.(&:<-/ =.H%&+!2. +!6.&#/"7;
K-!(@A ("!96#2#6! 1 4%1.23 -.$% 61%&$! 1"!9%1?23 6&3"#- 1 (%",+.&.23M; 1.=. 4 =!"B0 &.I
"!\!2# -!(860 -! 1&23%": 6&3"#-,A D"!96#24* -!(8N%1* !-!"?5, 9. 96/1!>0 102. -.(@.9-8>B0+#
(@# 5186B:>02023 9. %$"!96.23 -.(&:<-?23 =.H%&+!20 (@.= 1&23%".+ 6&3"#-,A ].=-%=:23* 4%I
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 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
6&3"#-,8 2%9 1 :1!3/23 1.;. -! -."#-./&-0 (%(#< 23%1/-0 +.6.&#/"=>?."#4%<6 5@-, (A.61%A.-0
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(%=9#6, ."!<6#24* -!(CH%1* !-!"B5, 4 %;3!;-=60 ."!<6#24%("!<6#24B23 1!5.$ I%$&>J!K8 !
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5!609.-% G!4B+4%"#1 5 6C236% 6A0 +@;78 -.$% 4%+$#-!20 ;1%= O# 6A0 +@;7> ?. <4=6.O-%<6#
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1√
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B+;&-%=6#  ! C>-42. f ij ?=%> -! 6%+6% +<9> 5/1#="* DEFG H 6%+ (I0(!9; ?. 13%9-* -!3&!9#6
 C!46%&.+ #-6.-5#6, -!(;60 ! 49.K = k
√
2piG J!46%& #-6.-5#6, -!(;60 ?. -.?K!=6;?# >9/1/-
= #-9.L, 4 &%5.5-/-0 +<9> 5!6;8%1/-0A -!(IGM KI A KII -.$% KIII G N 6!4 -!(;O%1* (%".
(I.9 1&23%".+ 6&3"#-, 1 #5%6&%(-0+ "#-./&-; ."!=6#24*+ +!6.&#/"> +78. $:6 5!(=/-% (&%









































X%1-#2. QWS 1,23/50 5 (&#-2#(> =>(.&(%5#2.G J!46%& #-6.-5#6, -!(;60 9.ﬁ->?. !+("#6>9>
=#-@>"!&#6, > 1&23%"> 6&3"#-,G Z% 5-!+.-/A 8. -!(;60 &%=6%> B+;&-; 4. !G '&%+; 6%3%
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6%& #-6.-5#6, -!(;60 9.ﬁ->?. !+("#6>9> =#-@>"!&#6, -!(;60G )%4>9 5-/+. C!46%&, #-6.-5#6,
-!(;60 (&% 5!6;8%1!20 +<9, QPA PPA PPPSA ?=+. =23%(-# >&K#6 (%9". &%1-#2 QRA TA US -!(;60 (I#
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46.&/ ?. +;I064.+ "%+%1*3% (%&>V.-0G ]. 6% +!6.&#/"%1/ 4%-=6!-6! -.5/1#="/ -! 1."#4%=6#
! @.%+.6&## (%&>V.-*3% 6;".=!G ^-!20 =0"! 6&3"#-, $ ?.9-%5-!K-; =%>1#=0 = C!46%&.+ #-[
6.-5#6, -!(;60 ! D_F% $ 1 (I0(!9; ?.9-%[(!&!+.6&%1*3% (%(#=> =6!1> -!(;60 -! 1&23%">
6&3"#-, >&K>?.+. (%9". &%1-#2. Q`SG ]. 6% .-.&@#. =(%6I.$%1!-/ -! ?.9-%64%1* 51;6V.-0
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· t · ∂a Q_S
'&#6*&#>+ V0I.-0 6&3"#-, =# (%(0V.+. (%+%20 &%1-#2. .-.&@.6#24* $#"!-2.A 46.&/ +/ 61!&M
HcZ 1 d&-;A JeP Ef bgZgd
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
∂Wp = |∂We| − ∂Wz 89:
4;. ∂Wp <. .-.&=#. (%6>.$-/ (&% 51?6@.-0 ;*"4, 6&3"#-, % ∂aA ∂Wp <. B&C.-% ;". &%1-#2.
8D:
∂Wp = λp · t · ∂a 8D:
∂Wz <. .-.&=#. -!(<!6%E6# -! 6?".E.A '&#6*&#B+ @0>.-0 6&3"#-, &%5;?"0+. ;% 6>0 C/E60F
GA ∂Wp > |∂We| ⇒ ∂Wz > 0 H 4 6%+BI !$, ;%@"% 4 (%&B@.-0I +BE0 1-?<@0 E#"%1* (7E%$.-0
1,4%-!6 (&/2#A J% 5-!+.-/I K. (%4B; -.$B;.+. 4%-!6 (&/2#I 6&3"#-! E. -.$B;. @0>#6A
J%+B6% E6!1B >04/+. E6!$#"-0 @0>.-0 6&3"#-,A
LA ∂Wp = |∂We| ⇒ ∂Wz = 0 H 1 6%+6% (>0(!;? 4 @0>.-0 6&3"#-, E6!C0 (%B5. .-.&=#.
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6&3"#-,A
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-! -.E6!$#"-0A ' B&C.-0 +.5-0 3%;-%6,  (%BK#<.+. &%1-#2. ;&B3*3% 4&#6*&#! ∂Wp =
|∂We| ⇒ ∂Wz = 0I ;% 46.&* ;%E!;0+. &%1-#2. 8P: ! 8D:A J0+ ;%E6!-.+. 156!3F




· t · ∂a 8GQ:
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4;. λp <. +?&-/ .-.&=#. ("!E6#24* ;.S%&+!2.I 2%K <. +!6.&#/"%1/ 23!&!46.&#E6#4!A ! <.
T%B-=71 +%;B" (&BK-%E6#A U%1-#2# 8GG: (%6* +7K.+. (%1!K%1!6 5! &%1-#2# (%(#EB<020
+.5-0 E6!1 @0>.-0 6&3"#-,A J0+ <. 6!4* B&C.-/ 3%;-%6! KC I 46.&/ <. &%1-/ 3%;-%6? KA )&%
<.;-%6"#1* +%;, +7K.+. 3%;-%6B KC ! K 5%$.2-#6 -! 61!& KCi ! KiI 4;. " V WI WWI WWWI 5
-#23K -.<-.$.5(.C-?<@0 -! -!+/3/-0 <. +%; WA )&%6% 1O5-!+-%B +!6.&#/"%1%B 1"!E6-%E60
(&% 4&#6*&#B+ @0>.-0 6&3"#-, <. 3%;-%6! KCI I 46.&%B -!5O1/+. #$%$&' ($)*+&,-.$/.0 X!4
<. (E/-% 1 YPZ I "%+%1/ 3%BK.1-!6%E6 KCi 8# V WI WWI WWW: <. 3%;-%6! S!46%&B #-6.-5#6,
-!(?60 6&3"#-, 1 +.5-0+ E6!1B E6!$#"#6, 6&3"#-,I <.E6"#K. ("!E6#24* ;.S%&+!2. 15-#4!<0 <.- 1
+!"*+ %4%"0 4%>.-. 6&3"#-, ! -!E6/1/ &%1#--/ ;.S%&+!2.A [$.2-? "5. >02#I K. ("!60F
GA Ki < KCi H 6&3"#-! E. -.@0>0
LA Ki = KCi H 6&3"#-! E. -!23/50 1 +.5-0+ E6!1B
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(&%1*E6 +?>.-0I 4. 46.&*+B (%BK01/+. +-%3! 6,(7 54B@.$-023 6?".EA `.<(%BK01!-?<@0 <E%B
15%&4, aJ 1$%2-1. .+,/"$, ! bNac /",3#+ +43+ 15-16+4 7+,4",3 1#5 8%$&Ad:A
\eJ 1 c&-?I fbW LQ ghJhc
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
 !" #$ %&'()*  +" ,-#. %&'()*
8$&9 :; <,(, 15%&47 (%=>01!-?23 4 +@A.-0 "%+%1* 3%=>.1-!6%B6#
















I. 6!3%1? L!46%& #-6.-5#6,
-!(@60 !  ! "! # IB%= 23!&!46.&#B6#24* &%5+@&, 15%&4=9 M3!&!46.&#B6#24* &%5+@&, 15%&4=
IB%= =&C.-, -%&+%= NO8 FGFPQ RST9 U/4"!D-0+ &%5+@&.+ 4!>D*3% 6@".B! I. &%5+@& "$
8B6!6-0 &%5+@&, IB%= (%=5. 3%D-%6, -/B%$47 3%D-%6, "! I!4% -!(A9  %"&'! a ≈ W/2!
(%)"9 V %$"!B# 4%A.-. 1&=$= I. -=6-* (A#(&!1#6 6&3"#-= (A.D2,4"%1/-0+9 V -%&+@ IB%=
=1.D.-, (!&!+.6&,J 46.&* I. -=6-* D%D&>.6J !$, ("!B6#24/ 5W-!J 46.&/ 15-#4"! 1"#1.+
2,4"%1/-0J $,"! -@4%"#4!-/B%$-@ +.-K0 -.> ("!B6#24/ 5W-! -! 6*+>. "%+= 1 %4!+>#4= #-#X
2#!2. 6&3"#-, = +@A.-0 "%+%1* 3%=>.1-!6%B6#9 <%3% D%20"0+.J 4D,> $=D. ("!6#6 -.&%1-%B6
Kfmax ≤ KCOJ 4D. Kfmax I. 3%D-%6! L!46%&= #-6.-5#6, -!(@60 (A# +!Y#+/"-0+ 5!60>.-0
2,4"%1/-09 Z%D-%6! KCO I. 3%D-%6! %D3!D%1!-* "%+%1* 4%=>.1-!6%B6#9 [! 54=K.$-0+
B6&%I# +@A0+. 5/1#B"%B6 B0", * -! (%B=1= +J -.$% 5/1#B"%B6 B0", * -! %6.1A.-0 1&=$= 54=K.$X
-03% 6@".B! ,$ )&7$@3, IB%= 5-/5%&-@-, -! E%$&9\H9 ' 1,3%D-%2.-0 B# B6!-%10+. (&%1#5%&-0
8$&9 \; U/5-!+, 54%=K4, "%+%1* 3%=>.1-!6%B6#
3%D-%6= "%+%1* 3%=>.1-!6%B6# KQJ 46.&%= 50B4/+. D%B!5.-0+ 5!6@>%1!20 B0", FQ D% 15%&2.











O0"= FQ =&C0+. 5. 5/1#B"%B60 I!4% -! E%$&9\H9 )A# 1,3%D-%2%1/-0 $.&.+. B0"=J 46.&/ 1
#-6.&1!"= D1%= "#-./&-023 (A0+.4 D%B!3=I. B1*3% +!Y#+!9 )%6* %D+@A0+. D*"4= 6&3"#-,J
V]< 1 ^&-@J _ON GF `a<a^
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
46.&/ 15-#4"! $83.+ 54%9:4, "%+%1* 3%9;.1-!6%<6#= >,6% 3%?-%6, # < 23!&!46.&#<6#24@+#
&%5+8&, 15%&49 ?%<!?0+. ?% ABCD ! ?%<6!-.+. -/+# 3".?!-%9 3%?-%69 KQ= >!6% 3%?-%6!
1:!4 +9<0 <("E%1!6 6F# 4&#6*&#!G -.; $9?.+. <23%(-# 61&?#6G ;. <. H.?-/ % 3%?-%69 "%+%1*
3%9;.1-!6%<6# KCI = >!6% 4&#6*&#! H<%9I





J= Fmax ≤ 1, 1FQ
C= Kf ≤ 0, 6KQ (Re)t−cyklova´nı´(Re)t−zkousˇky
)%49? KQ 6,6% (%?+0-4, <("E9H.G 6!4 <. H.?-/ % 3%?-%69 "%+%1* 3%9;.1-!6%<6# KCI =
>%3". H. (F0<69( KLKMG !1:!4 -.<("-0N"# 15%&.4 1@:. 91.?.-/ 6F# 4&#6*&#!G +9<0+. (F.H06
4 ."!<6%("!<6#24* "%+%1* +.23!-#2.=
 !" #$%&'$%() )*+%),-./01 &*.23.4%,-./01 .*56&/ 5$1 7)6$ 8/93./
M%? O H. -.H(F03%?-8H:0 (&% :0F.-0 6&3"#-, ! 60+ (/?.+ -.H-.$.5(.P-8H:0+= Q!(860G
46.&* <%91#<0 < +R?.+ O ! H. 4%"+* -! (%1&23, 6&3"#-,G <. %5-!P9H. σθθ= S <%91#<"%<6#
< 91/;.-0+ (%"/&-023 <%9F!?-#2 <. 6%6% -!(860 -!5@1/  !"#$"%&'(") "!*+ )= TH#:U9H.+.N
"#G <+8& 1. 46.&*+ <. $9?. 6&3"#-! :0F#6G (%9;#H.+. 6!-V.-2#/"-0 -!(860 H!4% 4&#6*&#9+=
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4"/?!H0 -!(860 -.$% ?.Y%&+!2. H!4% F0?020 1."#P#-9 :0F.-0 6&3"#-,= )%+%20 4&#6*&#! +!W#+/"N
-03% 6!-V.-2#/"-03% -!(860 H<+. <23%(-# %?3!?-%96 (F.?(%4"/?!-@ <+8& :0F.-0 6&3"#-,G
91!;9H.+.N"# 4%+$#-%1!-* -!+/3/-0 <%9P/<6# +R?.+ O ! OO= Z!4 H. (</-% 1 (&/2# X.#6"!
[\]G (%?". M>XN4&#6*&#! <. 6&3"#-! $9?. :0F#6 1 &!?#/"-0+ <+8&9 θ0G 1. 46.&*+ H. 3%?-%6!
%?(%10?!H020 <"%;4, 6!-V.-2#/"-03% -!(860 σθθ +!W#+/"-0G 2%; 5-!+.-/G ;. ^3." θ +9<0
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2pir = 0  !"#
$% &'()*+ ') ,-)$'.%&%/-0&'12 +'/'12 /-34%$567 ,8'9 1-+5:5$7 1- )1'9.%&%/-0&'12 /')5;
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sin θ −KII (3 cos θ − 1) = 0  !O#
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M!(C60 1 %4%"0 %$.2-*3% :#-JD"/&-03% 4%-2.-6&/6%&D -!(C60 :. "#E0 %> -!(CW%1*3% (%".
6&3"#-, 3%+%J.--03% +!6.&#/"DP X1/O0+.9"# (%D5. :#-JD"/&-0 8/:6 5/1#:"%:6#= 6!4 &%5"%O.-0







4>.  N. (%8.6 %>(%10>!N02023 :#-JD"/&-023 8".-7P Hk !"#$% &%'''%  ( N. 5%$.2-C-Y V!49
6%& #-6.-5#6, -!(C60 ?[\]MBP F ijk N:%D VD-42. (",-%D20 5 "#+#6-03% !-!",6#24*3% F.E.-0
4%-4&*6-03% 6,(D KL'MP ]->.^, ) ! * (F.>:6!1DN0 :%DF!>-#2. θ ! + : (%8/64.+ 1. 1&23%"D
4%-2.-6&/6%&D ,= N!4 N. 5%$&!5.-% -! ?%$&PHBP _^(%-.-6 :#-JD"!&#6, -!(C60 pk +7O. $Y6
D&8.- -! 5/4"!>C %4&!N%1Y23 (%>+0-.4P _^(%-.-6 :#-JD"!&#6, -!(C60 >%:!3DN. &%5>0"-Y23
3%>-%6 D 6&3"#- ! D 1&D$7P X 6&3"#- N. 3%>-%6! pk = 1/2= !1E!4 D 1&D$7 N. 3%>-%6!
pk ∈ (0; 1) ∩ pk 6= 1/2P )%4D> 1. 1&23%"D K'LM 15-#4-. 6&3"#-!= (!4 :. 3%>-%6! pk %(C6
:4%4%1C 5+C-0 -! pk = 1/2= N!4 N. 5-/5%&-C-% -! ?K$&PZB
K$&P HG L%DF!>-#2%1Y :,:6*+ (%DO#6Y D `#9+!6.&#/"%1*3% 1&D$D
 !/ 012.31245 6.,72(2.8 .19(2*8
a!4 N:+. +%3"# 1#>C6 1 4!(#6%". @Pb= N.>.- 5 (&#-2#(7 N!4 23!&!46.&#5%1!6 E0F.-0 6&3"#-,
N. (%&%1-/1/-0 V!46%&D #-6.-5#6, -!(C60 - ! "%+%1* 3%DO.1-!6%:6# KCI = 4>, (F# >%:!O.-0
3%>-%6, "%+%1* 3%DO.1-!6%:6# >%23/50 4 +.5-0+D :6!1D 4F.34*3% E0F.-0 6&3"#-,P ;.5-0
:6!1 E0F.-0 QcS 6!4* +7O. -!:6!6 (F# d-!1%1*+ 5!60O.-0= ! 6% (%4D> 3%>-%6! %>(%10>!N0203%
eXf 1 `&-C= \L] gc h;f;`
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
8$&9 :; <%$&!5.-0 .=(%-.-6> ?#-@>"!&#6, -!(A60 (B# &75-C23 6,(.23 (%&>D.-0
&%54+#6> E!46%&> #-6.-5#6, -!(A60 △K F. 1A6D0 -.G (&!3%1/ 3%H-%6! &%54+#6> E!46%&>
#-6.-5#6, -!(A60 △KthI%$&9JKLM 2%G F. +!6.&#/"%1/ 4%-?6!-6!9
8$&9 JK; 8$"!?6# D0B.-0 "%+> 1 5/1#?"%?6# -! &%54+#6> NOP
8$.2-A +7G.+. B026M G. 1 %$%> (B0(!H.23 ?. 6&3"#-! -.$>H. D0B#6M $>H.Q"# ?("-A-!
-/?".H>F020 (%H+0-4!;
KI(σappl) < KIcrit(m). IRKL
'H. KI(σappl) F. E!46%& #-6.-5#6, -!(A60 5/1#?"C -! !("#4%1!-*+ -!(A60 ! KIcrit(m) F.
4%-?6!-6! +!6.&#/">  5/1#?"/ -! +.23!-#?+> D0B.-0 6&3"#-, I6F9 "%+%1/ 3%>G.1-!6%?6 KCI
> 4B.34C23 +!6.&#/"7 ! (&!3%1/ 3%H-%6! Kth (B# S-!1%1*+ (%&>D.-0L9 <-/+.Q"# 3%H-%6>
KIcrit(m)M F?+. ?23%(-# %H3!H-%>6 3%H-%6> σcrit ! (%6* -!(?!6 61&5.-0M G. (%4>H ("!60
-.&%1-%?6 σappl < σcrit M 6!4 ?. 6&3"#-! -.$>H. D0B#69
'&#6*&#>+ ?6!$#"#6, D0B.-0 6&3"#-, "5. ?6.F-C+ 5(7?%$.+ %H1%H#6 (&% %$.2-* ?#-@>"/&-0
4%-2.-6&/6%&, -!(A60M (B#T.+G 4&#6*&#>+ ?6!$#"#6, 1,F!HB>F. %4%"-%?6#M 5! 46.&C23 6&3"#-!
-.15-#4-. -! 1&23%"> 4%-2.-6&/6%&> -!(A609 U!4 $,"% (?/-% 1CD.M 6&3"#-! -.+7G. 15-#Q
4-%>69 (%4>H ("!60 -.&%1-%?6 σappl < σcritM 4H. σcrit -,-0 5/1#?0 -! %4&!F%1C23 (%H+0-4/23M
6,(> -!+/3/-0M 4%-ﬁ@>&!2# %$.2-*3% ?#-@>"/&-03% 4%-2.-6&/6%&> -!(A60 I8W'PL ! +!6.Q
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+!6.&#/">9 X.23!-#?+> (%&>D.-0 %H(%10H/ 4&#6#24C (!&!+.6& KIcrit(m)M F!4 F. (%(?/-% 1
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σcrit = σcrit[KIcrit(m)]. IRJL
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4 &%1-#2# 9GH>
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!("#4%1!-*3% -!(860 1,("B1/ 5 -.&%1-%@6# 9GG>N 4D. 4&#6*&#?+ @6!$#"#6, LM'= +/ 61!&
σappl < σcrit PQRI ' !("#4%1/-0 6*6% (&%2.D?&, C. -?6-* 1,E.S.-0 D1%? (&%$"*+7T
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-023 +.6%D 1. @(%C.-0 @ +.6%D%? 4%-.W-B23 (&147I
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?&W.-0 @+8&? ! -/@".D-* ?&W.-0 (%D+0-.4 (&% #-#2#!2# 6&3"#-,I
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b-!"%K#24, @ (E0(!D.+ 6&3"#-, 1 3%+%K.--0+ (&%@6E.D0 @. (E.D(%4"/D/N A. 6&3"#-!
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C-/+.D"# 3%>-%6, 5%$.2-E-F23 G!46%&7 #-6.-5#6, -!(E60 H1 ! H2H >%<!>0+. @.@#23
(%+E& H2IH1 >% &%1-#2. 89B;H 5. 46.&* @<+. <23%(-# %>1%>#6 1."#4%<6 J3"= θ0K L+E& M0N.-0
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σappl < σcrit DEKG
 !"#$%&'() *+,(-./
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8$&9 :;< =23*+! >6?@%1!-*3% 15%&4?
1"!>6-%>60 "/6.4 -! >+A&?9 B -!C.+ (D0(!@A (7E@. % @1! (D0F-A #5%6&%(-0 4%+(%5#6-0
+!6.&#/",G 4!H@I > 1"!>6-0+ +%@?".+ (&?H-%>6# 1 6!3? Ex ! Ey 1. >+A&?  ! !G >"%H.-I23













S11 S12 S13 S14 S15 S16
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S31 S32 S33 S34 S35 S36
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J!6.&#/" > 6A+#6% 1"!>6-%>6+# E>+. !("#4%1!"# 1 -?+.&#24*+ (D04"!@A > &75-I+# (%+A&,
+%@?"? (&?H-%>6#9 )%+A& +%@?"7 (&?H-%>6# ? +!6.&#/"? J: ?1!H?E.+. 4%->6!-6-0G ! 6%
Ex1 = 100GPa ! Ey1 = 50GPa9 O @&?3*3% +!6.&#/"? >. (%+A&, +A-0G E!4 E. 5%$&!5.-% 1
P6!$9:Q9  !-* 4%-ﬁS?&!2. 5!@/1/+. @% 1I(%F.6-03% (&%S&!+?9 B 6*6% (&/2# >. 5!$I1/+.
>+A&.+ #-#2#!2. 6&3"#-, 5 1&23%"? 1&?$? -! &%53&!-0 @1%? (D0F-. #5%6&%(-023 +!6.&#/"79
T3", θ ?&F?E.+. (D# &75-I23 4%-ﬁS?&!2023 +%@?"7 (&?H-%>6# 1 +!6.&#/"? J;9 T3", θ0 >.
-.+A-0 (%?5. 1 5/1#>"%>6 -! (%+A&? +%@?"7 (&?H-%>6#G !". E>%? 6*H 5/1#>"* -! 15@/".-%>6#
%@ 1&23%"? 1&?$? d9 BI>".@4, E>%? 5!(>/-, 1 P6!$9:Q9
J!6.&#/" UU<LEx2;Ey2N LVWXYWWN LVWX;WWN LVWX:WWN LVWXVWN L:WWXVWN L;WWXVWN LYWWXVWN
@L+N θ0L N
WGWWWW: Z[\GV ZY[G\V ZYYGV ZVVG: ZVV Z]\GV Z\YG;
WGWWWW; Z[MG[V ZYV ZYMGM ZVVG] Z];G;V Z]^GYV Z\]GV
WGWWWWV ZY;G;V ZY\GVV ZV[ ZV\GY: Z]VG^; Z\;GV Z\^GY
WGWWW: ZY[GV ZYMG\V ZVVGV ZVMG\V Z]\GV Z\YG\V Z\MG\V
WGWWW; ZY\G;V ZV;GV ZV\G;V Z];G;V Z]MG\V Z\\G: Z^:G\
WGWWWY ZV[ ZV\G;V Z];G; Z]]G:V Z\[G^ Z\MGV Z^Y
_!$9 :< BI>".@-* `3", θ0 5E#C6A-* -?+.&#24I+ 1I(%F6.+
=+A& `3"? >. +A-0 >. 51A6C?E020 >. 15@/".-%>60 " %@ 1&23%"? 6&3"#-,G 6&3"#-! >. >6/F0 @%
+!6.&#/"?G 2%H E. 5(7>%$.-% 60+G H. >. 51A6C?E020 >. 15@/".-%>60 " >. 5+.-C?E. 1"#1 1&?$?
BO_ 1 a&-AG b=U ;^ TJ_Ja
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
-! 6!-8.-2#/"-0 -!(960 σθθ ! 5196:;<. 1"#1 !("#4%1!-*3% -!(960 σappl= >+9& #-#2#!2. 6&3"#-,
(&% 196:0  ?. ?6/@0 A% ?+9&; 4%"+*3% -! ?+9& σappl=
B!6.&#/" CCDEEx2;Ey2F EGHIJHHF EGHIKHHF EGHILHHF EGHIGHF ELHHIGHF EKHHIGHF EJHHIGHF
AE+F σθθEM)!F
HNHHHHL LNOP LNJ LNJL LNJO HNQRG HNROR HNJLQ
HNHHHHK LNHR LNHP LNHP LNHS HNPJG HNGHP HNOJS
HNHHHHG HNRQL HNRSG HNRS HNRSK HNJQO HNOGL HNKGS
HNHHHL HNGHQ HNJQS HNJQR HNJQG HNOP HNKPJ HNKL
HNHHHK HNOQQ HNOQH HNOSP HNOSG HNKQP HNKKQ HNLSL
HNHHHJ HNKPQ HNKPO HNKPH HNKPL HNKLS HNLPS HNLJQ
T!$= KD >6U.A-0 3%A-%6, 6!-8.-2#/"-03% -!(960 σθθ
V!60W.-0 (U.23/50 5. ?+0:.-*3% 5!69W%1!203% +%A; ?4"/A!<0203% ?. 5 +%A; C ! CC -!
5!69W%1!20 +%A C= V/1#?"%?6 +!X#+! 6!-8.-2#/"-03% -!(960 YZ3." θ0[ -! 15A/".-%?6#  <.
5-/5%&-9- -! Y%$&=LO[=
\$&= LOD ]^?".A-/ 15A/".-%?6 Z3"7 θ0 -! (&7+9&%1!20 15A/".-%?6# %A 1&23%"; 6&3"#-,  
]^?".A.4 -;+.&#24*3% U.:.-0 <. 1,%$&!5.- -! Y%$&=LJ[= VA. <. 5%$&!5.- A.6!#" %4%"0 $#_
+!6.&#/"%1*3% 1&;$; ? +!6.&#/"%1%; 4%+$#-!20 Ex1 = 100GPa Ey1 = 50GPa (&% +!6.&#/"
L ! Ex2 = 200GPa Ey2 = 50GPa (&% +!6.&#/" K= `! &%53&!-0 <. (!6&-* +!X#+/"-0 -!(960=
a.A-/ ?. % 651= B#?.?%1% .41#1!".-6-0 -!(960 <#-!4 %5-!@%1!-* <!4% -!(960 σHMH = T%6%
-!(960 (U# A!-* 4%-ﬁ8;&!2# +!6.&#/"; A%?!3;<. +!X#+/"-0 3%A-%6, SMX = 1, 723 M)!=
B!X#+/"-0 (%?;1 $," 5<#:69- DMX = 4, 04 · 10−4+=
]cT 1 d&-9N e>C KQ fBTBd
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
8$&9 :;< =>+.&#24* ?.@.-0 -!(A60 ! B.C%&+!2. $#D+!6.&#/"%1*3% 1&>$>
=! E%$&9:FG:HI JK%> 5%$&!5.-, J.B-%6"#1* (&7$A3, σθθ (&% &75-* 15B/".-%K6# d %B 1&D
23%"> 1&>$>9 L!M#+/"-0 3%B-%6, -!(A60 σθθ JK%> >1.B.-* 1 E6!$9NI9 O 6A236% .M6&*+.23
>&P0+. Q3", θ0 ! +7R.+. (&%3"/K#6G R. K. 6&3"#-! $>B. (&% >1!R%1!-* 15B/".-%K6# #-#2#%1!6
(%B B!-S+ Q3".+9
 !" #$%&%'((  )" #$%&%*((
8$&9 :F< T6?.B-0 3%B-%6! 6!-U.-2#/"-03% -!(A60 σθθ (&% (&7+A&%1!20 15B/".-%K6  
OVW 1 X&-AG YTZ [\ ]LWLX
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
 !" #$%&%'((  )" #$%&*((
 +" #$%&,((  #" #$%&-((
8$&9 :;< =6>.?-0 3%?-%6! 6!-@.-2#/"-03% -!(A60 σθθ (&% (&7+A&%1!20 15?/".-%B6  
CDE 1 F&-AG H=I J: KLELF
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
 !"#$%
8 6*6% (&/2# 9:.+ :. 5!$;1!" <1=+! 6*+!6, "#-./&-0 ."!:6#24* "%+%1* +.23!-#4,> ?.9(&1.
@A@B 6&3"#-, 1 #5%6&%(-0+ +!6.&#/"C ! </". 5%$.2-=-0+ @A@B (&% $#D+!6.&#/"%1* 1&C$,E
4<. C1!FC9.+. $CG #5%6&%(-0 +!6.&#/",E (H0(!<-= +!6.&#/", %&6%6&%(-0>
)&1-0 I/:6 9. 6*+!6#24, 5!H!5.-/ <% 4"!:#24* @A@B> J<. :. 9.<-/ % :.5-/+.-0 :. :
(%9+.+ :#-KC"!&#6! -!(=60 -! 1&23%"C 6&3"#-, : .L(%-.-6.+ p = 1/2> J!%$0&!" 9:.+ :.
(%9+.+ ("!:6#2#6! -! 1&23%"C 6&3"#-, ! : 60+ :%C1#:.9020 <.M%&+!20 -.(&CF-;23 +!6.&#/"7>
N1.<" 9:.+ 5<. <1! +%F-* 5(7:%$, !-!",6#24*3% (H0:6C(C 4 H.O.-0 6&3"#-E 9!4% P&Q#-71
(H0:6C( ! +%<." 6&3"#-, : (H.+%:6=-;+# 4%-2#>
 /". 9:.+ C1.<" 6H# &75-* 5!6=F%1!20 +R<,E 5 46.&;23 9:.+ C(%5%&-#" -! +R< PE 46.&;
9. (&% O0H.-0 6&3"#-, 1 3%+%K.--0+ +!6.&#/". -.9-.$.5(.I-=9O0>
?/:".<-= 9:.+ :. 5!$;1!" (%9+.+ M!46%& #-6.-5#6, -!(=60 (&% 6&3"#-C : .L(%-.-6.+
p = 1/2> )% :.5-/+.-0 : M!46%&.+ #-6.-5#6, -!(=60 9:.+ :. 5!+=H#" -! 4&#6*&#C+ O0H.-0
6&3"#-, (H0:6C(.+ .-.&K.6#24;+E 4<. 9:.+ (H#$"0F#" (%9.+ 3-!20 :0"! 6&3"#-, ! 9!4; +/
1"#1 -! (%&CO.-0 "%+.+> N1.<" 9:.+ 5/1#:"%:6 M!46%&C #-6.-5#6, -!(=60 -! +=&-* .-.&K##
("!:6#24* <.M%&+!2. ! -! S%C-K%1C +%<C"C (&CF-%:6# 1 6!3C> T.5-/+#" 9:.+ :. 5 (%9+.+
"%+%1/ 3%CF.1-!6%:6E 9.3% 1;5-!+.+ 5 +!6.&#/"%1*3% 3".<#:4! ! 9!4; +/ 1"#1 (%+=&
"%+%1* 3%CF.1-!6%:6# ! M!46%&C #-6.-5#6, -!(=60 -! O0H.-0 6&3"#-,> )%:".<-0 I/:6 (&1-0
4!(#6%", 9. 5!+=H.-/ -! BUT 4&#6*&#C+E : 9.3%F (%+%20 9:+. :23%(-# C&I#6 :+=&E 46.&;+
:. 6&3"#-! $C<. +!6.&#/".+ O0H#6>
8. <&C3* 4!(#6%". :. (%9.<-/1/ % 5%$.2-=-0 ! !("#4!2# 5-!"%:60 5 "%+%1* +.23!-#4,
6&3"#- 3%+%K.--023 +!6.&#/"7 -! "%+%1%C +.23!-#4C VT'? : .L(%-.-6.+ :#-KC"!&#6,
-!(=60E (&% 46.&; ("!60 0 < p 6= 1/2 < 1> U.-3". (%5-!6.4 :. 6*F (&%9.10 1. 5%$.2D
-=-*+ M!46%&C #-6.-5#6, -!(=60E 46.&; 1. 5%$.2-=-* "#-./&-0 "%+%1* +.23!-#2. +/ 9.<D
-%64, 5/1#:"* -! .L(%-.-6C :#-KC"!&#6, -!(=60>  !"O0 -C6-%C I/:60 9. 4&#6*&#C+ :6!$#"#6,
6&3"#-,E 4<. 9. C1.<.-%E 2% 6% 9. (&/3%1/ 3%<-%6! M!46%&C #-6.-5#6, -!(=60 ! &%54+#6 ! 9!4
9:+. :23%(-# 6%6% 4&#6*&#C+ !("#4%1!6 -! VT'?>  /". 9:.+ C1.<" !("#4!2# BUTD4&#6*&#!
-! VT'? ! 9!4 5/1#:0 3%<-%6! 4&#6#24*3% 5%$.2-=-*3% M!46%&C #-6.-5#6, -!(=60 H1C -!
"%+%1* 3%CF.1-!6%:6# KCI > N1.<" 9:.+ 6!4*E 9!4 :. </ :(%I06!6 4&#6#24* -!(=60 5. 5-/+*3%
H1C ! H1(σappl) ! 60+ (/<.+ (%<". 4&#6*&#! :6!$#"#6, 6&3"#-, C&I#6E 5<!D"# :. 6&3"#-! $C<.
O0H#6>
8. 6H.60 4!(#6%". 9:.+ (&%1.<" !-!";5C $#D+!6.&#/"%1*3% 1&C$CE 4. 46.&*+C +# $,"!
(%:4,6-C6! <!6! 5 -C+.&#24*3% H.O.-0 !-!",5%1!-* :%CI/:6# 1 B')> ?/("-0 6*6% !-!";5,
$,"% (%&%1-!6E 9!4; 1"#1 +/ -! :+=& #-#2#!2. 6&3"#-, %&6%6&%(-%:6 +!6.&#/"7> 8;:".<4.+
$,"%E F. (%4C< E2x < E2yE 6&3"#-! :. $C<. #-#2#%1!6 (%< (%+=&-= +!";+ W3".+ θ0E -!%(!4
(%4C< E2x > E2yE 6!4 :. 6&3"#-! $C<. #-#2#%1!6 6!4H4! 4%"+% -! :+=& -!+/3/-0 :%CI/:6#>
 /". 9. 5 1;:".<47 (!6&-; (%4".: 1"#1C 6!-K.-2#/"-03% -!(=60 :. 51=6OC9020 :. 15</".-%:60
 E 2%F 9. 5(7:%$.-% 56&/6%C 1"#1C 1&C$C -! -!(=60>
8NU 1 X&-=E YTP Z[ \BUBX
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
 !"#$%& '()*+,-./ 0"1+2+$ % 34&5(16
8 9.5-!+: ;9%: :1.<.-/ %5-!=.-0 ! 54&!64, 1,94,6:;020 9. 1 2."*+ 6.>6:? 8 (@0(!<AB C.
9. 1 6.>6: 1,94,6:;. -A46.&* <!"D0 %5-!=.-0B 156!3:;. 9. (%:5. 4 <!-* =/96# ! ;.3% 1E5-!+
;. 6!+6*C 1,91A6".-?
θ F3." #-#2#!2. 6&3"#-,
Γ21 )%+A& 5%$.2-A-E23 G!46%&7 #-6.-5#6, -!(A60
λp HA&-/ .-.&I#. ("!96#24* <.G%&+!2.
σθθ J!-I.-2#/"-0 9"%C4! -!(A60
σappl K("#4%1!-* -!(A60
σcrit H.5 4":5: +!6.&#/":
∆K L%54+#6 G!46%&: #-6.-5#6, -!(A60
a  *"4! 6&3"#-,
 85</".-%96 %< 1&23%": 1&:$:
! M%:-I71 +%<:" (&:C-%96#
"#$ N!46%& #-6.-5#6, -!(A60
fij J1!&%1/ G:-42. (&% ;.<-%6"#1* +O<, -!+/3/-0 PQB QQB QQQR
% S-!20 90"! 6&3"#-,
& T%$.2-A-E G!46%& #-6.-5#6, -!(A60
QB QQB QQQ U5-!=.-0 5!6AC%1!2023 +O<7
KC V%+%1/ 3%:C.1-!6%96
Kcrit '&#6#24/ 3%<-%6! 9%:=#-#6.". #-6.-5#6, -!(A60
KI,II,III W%:=#-#6.". #-6.-5#6, -!(A60 (&% ;.<-%6"#1* +O<, -!+/3/-0 PQB QQB QQQR
Kth )&/3%1/ 3%<-%6! 9%:=#-#6.". #-6.-5#6, -!(A60
LELM V#-./&-0 ."!96#24/ "%+%1/ +.23!-#4!
'() H.6%<! 4%-.=-E23 (&147
HJW HJW X 4&#6*&#:+
*+($ U$.2-E 9#-I:"/&-0 4%-2.-6&/6%& -!(A60
pk Y>(%-.-6 9#-I:"!&#6,
Re H.5 4":5:
rp 8."#4%96 ("!96#24* 5O-, (@.< =.".+ 6&3"#-,
We Y-.&I#. -!(;!6%96#
8ZJ 1 [&-AB NWQ \\ FHJH[
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
Wp 8-.&9#. (%6:.$-/ (&% 51;6<.-0 =*"4, 6&3"#-,
Wz 8-.&9#. -!(>!6%?6# 1 6;".?.
 !"# @%$.2-;-A B!46%& #-6.-5#6, -!(;60
CDE 1 F&-;G HIJ KL MNENF
 !"#$%& '%(( )&%$"*+, "#-./&-0 "%+%1* +.23!-#4, 4%+(%5#6-023 +!6.&#/"7
 !"#$%"&$%
89: ;< =>?@<A BCA DC E&!26F&. G.23!-#2HI EF-J!+.-6!"H !-J ;(("#2!6#%-HC KC L,JC
 !-1.&HI M>M )&.HHA 9NNOC PQQ HC R?S< TQUNVUKPTT K
8K:  C >C WC  !"#$% &"'("##)("' *!+#)(!,$ -. *!+#)(!,$ /!(,0)# 1"!,2$($ C ).&X!+%F-
)&.HHA 9NNVC R?S< TTQTU9NTUP
8V: 'DY?Z'A [CA '<\?DA ]CA <ZWD^'A DC 3)!45 ("(+(!+(6" 4)(+#)(! 76) $("'0,!) $+)#$$
46"4#"+)!+(6"$ 8!)+ 9% 1 :"(;#)$!, 1$$#$$<#"+ 67 =("'0,!) =+)#$$ 46"4#"+)!+(6"$>
=-X#-..&#-X G=MW;<RM?A L%"C9UA KTT_A <%CPA HC VNN`UTQC R??< 9QTK`9UQU
8U: 'DY?Z'A [CA '<\?DA ]CA <ZWD^'A DC 3)!45 ("(+(!+(6" 4)(+#)(! 76) $("'0,!) $+)#$$
46"4#"+)!+(6"$ 8!)+ 99% =+!?(,(+2 67 =@!)A !"B C(D*!+#)(!, E6+4@#$> =-X#-..&#-X G=`
MW;<RM?A L%"C9UA KTT_A <%CPA HC UTN`UKKC R??< 9QTK`9UQU
8O: ?=RBDA ?C F;60A!)!<#+)6;G ,6<6;G <#4@!"(5!% 86A($ 5)G+5H4@ I"!;6;H4@ ;," C S&-%I
L,H%4* Fa.-0 6.23-#24* 1 S&-bA E!4F"6! H6&%c-03% #-d.-e&H610 ! fH6!1 g,5#4, +!`
6.&#/"7A ;4!J.+#. 1bJ h.H4* &.(F$"#4,A KTTVC 9TV HC L.J%F20 J#H.&6!a-0 (&/2. )&%gC
>< &C ]J.-b4 '-.H" M?2C
8_: @< >Zh='A =CA L>S';A [CA [;<^h='A )CA SY>i;A [C *&3J1E9K1 LMN&=
8O:PEQ=L 1 8&REQ=L 99> UC )j.(&!2%1!-* 1,JC ;4!J.+#24* -!4"!J!6."H610
M=>GA HC&C%C S&-%A KTTPC KPK HC R?S< QT`K9U`VKPT`Q
8Q: LD;MWA S%3F+#"C &,!$+(456DA,!$+(45G ,6<6;G <#4@!"(5! ! <ST#"U
,6<6;V @60W#;"!+6$+( 8%-`"#-.:C 82#6%1/-% KTTN`TO`9Q:C  %H6F(-* 5I
366(Ikk#+.Cg+.C1F6$&C25kﬁ".Hk1,F4!km?TkT_nKT`nKTG.&.-#nKT`nKTDGCJ%2
8N: LD;MWA S%3F+#"C 8)0W"6$+ 8%-`"#-.:C82#6%1/-% KTTN`TO`9Q:C  %H6F(-* 5I
366(Ikk#+.Cg+.C1F6$&C25kﬁ".Hk1,F4!km?TkTKnKT`nKT)&F5-%H6CJ%2
89T: o;<mA MCAWC 9"+)6B04+(6" +6 /)!4+0)# *#4@!"(4$> G."$%F&-.I ?B@ ;.&%-!F6#2!"
!-J G!&#6#+. >.H.!&23 D!$%&!6%&,A 9NNPC QK HC ;> <%C ;>`TTN`_QP
LYB 1 S&-bA E?R VO fGBGS
